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A conceptual problem for non-commutative inflation and the new approach for
non-relativistic inflationary equation of state
U. D. Machado∗ and R. Opher†
In a previous paper, we connected the phenomenological non-commutative inflation of Alexander,
Brandenberger and Magueijo (2003) and Koh S and Brandenberger (2007) with the formal represen-
tation theory of groups and algebras and analyzed minimal conditions that the deformed dispersion
relation should satisfy in order to lead to a successful inflation. In that paper, we showed that
elementary tools of algebra allow a group like procedure in which even Hopf algebras (roughly the
symmetries of non-commutative spaces) could lead to the equation of state of inflationary radiation.
In this paper, we show that there exists a conceptual problem with the kind of representation that
leads to the fundamental equations of the model. The problem comes from an incompatibility be-
tween one of the minimal conditions for successful inflation (the momentum of individual photons is
bounded from above) and the group structure of the representation which leads to the fundamental
inflationary equations of state. We show that such a group structure, although mathematically
allowed, would lead to problems with the overall consistency of physics, like in scattering theory,
for example. Therefore, it follows that the procedure to obtain those equations should be modified
according to one of two possible proposals that we consider here. One of them relates to the gen-
eral theory of Hopf algebras while the other is based on a representation theorem of Von Neumann
algebras, a proposal already suggested by us to take into account interactions in the inflationary
equation of state. This reopens the problem of finding inflationary deformed dispersion relations
and all developments which followed the first paper of Non-commutative Inflation. In particular,
this analysis shows us that we really need to consider the Hopf algebra language (here explained
at an elementary level) in order to adequately formulate non-commutative inflation, a point only
heuristically suggested in the original papers.
I. INTRODUCTION
Non-commutative inflation, as originally conceived [1],
is a phenomenological model of inflation inspired by
a varying speed of light cosmology ([2] and [3]). It
was proposed as a possible mechanism connecting non-
commutative spaces with inflation. In this model, radi-
ation, rather than a scalar field, drives inflation. Non-
commutative inflation is an application of a conjecture
that the non-relativistic character of non-commutative
spaces [4] and [5], modeled by a non-relativistic disper-
sion relation, was enough to determine the thermody-
namics of radiation.
Despite the original constraint with non-commutative
spaces, related to many interesting Cosmological appli-
cations like in [6] and [7], non-commutative inflation is
actually a bridge connecting general violations of Lorentz
symmetry with inflation, an idea that can be related with
a wider literature in high energy physics [8], [9], [10], [11],
[12] and [13]. Instead of the usual Lagrangian approach
of physics, in which non-relativistic effects are modeled
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by non-relativistic terms that can affect the cosmologi-
cal perturbations, such as in the so called trans-Planckian
problem of inflation [14] and [15], the connection between
non-commutative spaces and the fundamental equations
of non-commutative inflation can be more directly re-
lated with the Wigner approach for QFT and the idea
of Hopf algebra deformations of the Poincare Lie algebra
due to non-commutative spaces [16], rather than the star
product approach [17]. Although a general procedure to
deform a Lie algebra as a function of non-commutative
space information is not available in the literature, pos-
tulating the existence of a generalization of the analysis
[16], it is possible to define the quantum theory of matter,
not by a quantization of a deformed action assumed to
be invariant by Hopf algebra, as previously done, or the
star product approach to non-commutative field theories
[17], but as a deformation of the Wigner procedure to
define quantum theory in terms of representations of the
Poincare´ group as quantum symmetries [18]. This proce-
dure is assured, by the general techniques of algebra, like
the GNS construction (see [19] and [20]), to have much
in common with a Lie group representation, in particu-
lar, the fundamental role of the dispersion relation in the
scheme.
The Hopf algebra concept, more than an effort to
bridge non-commutative spaces with non-commutative
inflation, is actually a key concept in a more rigorous
formulation of non-commutative inflation, being a use-
ful concept in group theory in terms of which one can
ask what is the group (algebraic) structure related to in-
flation. Something similar to ask what is the algebraic
structure related to a fundamental invariant length scale
2and a fundamental speed, leading to the seminal paper
of the doubly special relativity [8] (see a generalization
of this idea to include an invariant expansion rate [21]).
More than that, the algebra is the key connecting a phe-
nomenological deformed dispersion relation with the ef-
fective energy-momentum tensor of inflationary matter.
Our main conclusion in this paper is that the Fock
space structure, the basis underlying non-commutative
inflation, is incompatible with minimum duration of in-
flation. Also, we propose alternatives to this structure
that should be applied in order to obtain new fundamen-
tal equations.
The paper is organized as follows:
In section (II) we sketch a Wigner like argument which
could be (at first sight) considered as a more formal proof
that the fundamental equations of non-commutative in-
flation are actually a consistent way to connect deformed
Poincare´ symmetries with a particular kind of equation
of state for radiation in the early universe.
In section (III) we introduce a useful concept for our
analysis, the Hopf Algebra concept. This is a general-
ization of the concept of Lie Algebra which is the alge-
braic structure underlying the Poincare´ group. Previous
works in the literature suggest that Hopf algebras play
an important role in defining the meaning of symmetry
in non-commutative spaces.
In section (IV), we introduce elementary tools of al-
gebra which allow a connection between Hopf algebras
and the familiar structure of physical quantum theories
in Hilbert space. This, at first sight, suggests that there
should not be any modification in the argument sketched
in section (II). We then state an algebraic prescription
to define Non-commutative inflation that is in harmony
with the original equations. That is essentially a Fock
space like structure written in group theory terms.
In section (V), we show that if we want to consider a
more general symmetry than Poincare´, minimal physical
requirements will constrain the way in which we are al-
lowed to do that. These are related to things like (among
others):
• A system which is in a stable state according to
one inertial frame should be in a stable state in all
other inertial frames.
• If an observer observes a scattering experiment pre-
serving energy and momentum in one reference
frame, all other observers will agree that energy
and momentum are conserved by scattering.
In section (VI), we recall a minimal condition for suc-
cessful inflation which is a result of our previous paper.
That is that the condition that zero mass one-particle
states should have an upper bound to momentum. We
then show that if we construct the more general repre-
sentation of a symmetry group satisfying the conditions
of the previous section, we find that the momentum of
the theory itself must have an upper bound, including
the classical macroscopic world. However, this excludes
the prescription outlined in section (IV). This also implies
that we are no longer dealing with Lie Algebras, but gen-
eral Hopf algebras, and therefore strengthens the bond
between non-commutative spaces and non-commutative
inflation. We argue that what happens here is similar
to what happens in relativistic quantum theory in which
representations with no lower bound to energy are math-
ematically possible but not physically allowed. It follows
that the Fock space representation is mathematically al-
lowed but not physically allowed.
In section (VII), we use concepts and methods of pre-
vious sections to propose two alternative ways (which
are consistent with the requirements of section (V)) to
use the one-particle information to construct the multi-
particle theory. Neither of them is a Fock space like
structure. One of those can in principle be applied to
an interacting case and will assure a well defined finite
and unitary quantum theory with a low energy relativis-
tic limit if we already have the relativistic counterpart.
The equivalence of the two prescriptions or not is still
not established. These prescriptions still require closed
form for the equation of state of the Non-commutative
radiation. This is postponed for a future work. We then
present our conclusions in the last section.
II. A GROUP THEORY ARGUMENT FOR
NON-COMMUTATIVE INFLATION
The basic idea explored in [22] and [1] is that the effect
of generic models of non-commutative space-time can be
codified in the modification of the energy-momentum re-
lation. This is indicated in most of the implementations
of the non-commutative principle to field theory [4], [5].
This would affect the calculation of the canonical parti-
tion function for radiation that in turn affects the early
phases of the universe in thermal equilibrium.
This idea is formalized in the Wigner approach to rel-
ativistic quantum theory, as already discussed in [18], in
which the basic problem is to construct representations
of the Poincare´ group as quantum symmetries, not the
quantization of a particular classical field. That is, find-
ing the correspondence π among Lorentz transformations
x→ Λx+aµ, denoted by (Λ, aµ), and the transformation
π[(Λ, aµ)]: HP → HP , that satisfies:
π[(Λ1, a
µ
1 )] · π[(Λ2, a
µ
2 )] = π[(Λ1, a
µ
1 ) · (Λ2, a
µ
2 )], (1)
π[(Λ1, a
µ
1 )]
−1 = π[(Λ1, a
µ
1 )
−1], (2)
π[(Λ, aµ)] is a quantum symmetry, (3)
where HP is the projective Hilbert space, that is, the
space of rays, · denotes the composition and ()−1 the
inverse. The symmetry is characterized by the invariance
of transition amplitudes:
|(TΦ, TΨ)| = |(Φ,Ψ)|. (4)
According to the Wigner theorem, a quantum symme-
try can be extended from rays in HP describing quantum
3states to the entire Hilbert space H as a linear unitary
or a antilinear antiunitary transformation. After such an
extension, we might be dealing with projective represen-
tations. i.e. eq.(1) might be valid except for a phase
eiθ;
It is implicit in the Wigner prescription to quantum
symmetries that all transformations act in the same phys-
ical space, which is left invariant by them, all transforma-
tions have an inverse and the composition is also an al-
lowed transformation, they therefore form a group. That
is, despite all of the possible complex algebraic struc-
tures that one may consider, we are always dealing with
groups.
The Poincare´ group P is a very particular group, a
Lie group, that is, a group with topological structure. In
addition, a Lie group which posesses a connected sub-
group, the proper and orthochronous part P ↑+ (for which
the Lorentz subgroup satisfies Λ00 > 0 and detΛ = 1).
The algebraic structure of the group, codified in the mul-
tiplication rule, does not constrain its topology and we
could consider a particularly useful representative of this
group, the so called universal enveloping group, in which
the topology is simply connected, that is, every path be-
tween two points in the group space can be deformed
continuously to any other. For the Poincare´ group, this
group is SL(2, C). For this group, one can always adjust
phases in every π[(Λ1, a
µ
1 )] in such a way that it will be
a non-projective representation.
For connected Lie groups, the symmetry representa-
tion problem reduces to construct unitary representa-
tions, since, at least in the neighborhood of the iden-
tity described by canonical coordinates, every group ele-
ment is part of a one-parameter subgroup and thus is the
square of some other element. In addition, every element
of a connected Lie group can be written as a product
of elements in an arbitrarilly small neighborhood of the
identity. The square of an antilinear antiunitary opera-
tor is linear and unitary. The continuous1 one param-
eter family of unitary (non-projective) transformations
affords a further simplification due to the Stone theo-
rem, that can be put in the form e−iHλ, H being a self-
adjoint operator. Therefore, the information about the
group, in the connected Lie group case, can be cast in
terms of information about a set of generators Hi of one
parameter subgroups of the canonical coordinates in the
neighborhood of identity.
The set of generators forms a linear Lie algebra:
[Pµ, P ν ] = 0 (5)
[Mµν , Pλ] = i
(
gµνPλ − gλνPµ
)
(6)
[Mµν ,Mρσ] = −i (gµρMνρ − gνρMµσ + gνσMµρ − gµσMνρ)
(7)
[1] i.e. 〈Ψ|U(λ) |Ψ〉 continuous for every Φ in the Hilbert space H
A unitary representation of a group can be further sim-
plified by a change of basis, in such a way that all matri-
ces π[(Λ1, a
µ
1 )] can be put in the block diagonal form. If
this process cannot be continued, every block is an exam-
ple of the simplest kind of representation, the so called ir-
reducible representation. The unitary representation of a
group summarizes into constructing the irreducible pieces
by which every other representation can be constructed
by. These basic parts are identified with the Hilbert space
of one particle states. The dispersion relation C(p) is the
fundamental information in this process because it is a
(self-adjoint) function of space and time translation gen-
erators which commutes with all other generators of the
symmetry group (Casimir of the Lie algebra) and defines
a bounded operator 2 (eiC(p)) which commutes with every
element of the group. By an infinite dimensional version
of Schur‘s lemma, a unitary representation of a group is
irreducible if, and only if, every bounded operator which
commutes with every element of the group is a multi-
ple of the identity. Indeed, for the Poincare´ group, the
algebraically independent set of Casimir operators is:
P 2 = H2 − ~P 2,
W = −w2, com wρ =
1
2
ǫαµνρP
αMµν , (8)
sign(P 0) = θ(P 2)ǫ(P 0),
Given two irreducible representations of SL(2, C), U1
and U2 in the Hilbert spaces H1 and H2 respectively
(with possible additional symmetries such as parity in
the electrodynamics case), we can construct another rep-
resentation in the tensor product Hilbert space H1 ⊗H2
which describes two non-interacting relativistic particles:
U1 ⊗ U2(
∑
ij
cijΨi ⊗ Φj) =
∑
ij
cij(U1Ψi)⊗ (U2Φj). (9)
The generators of the Lie algebra are given by:
X⊗i = X
(1)
i ⊗ I + I ⊗X
(2)
i , (10)
X
(i)
i generators of the Lie algebra of the representation
Ui.
In particular, we can make U1 = U2 and take into ac-
count indistinguishable particles by introducing a Hilbert
space basis in the symmetrized form:
SN (ψ1⊗· · ·⊗ψN ) =
1
N !
∑
σ
ψσ(1)⊗· · ·⊗ψσ(N), ψi ∈ H
(11)
where σ is an index permutation, or in the antisym-
metrized for:
AN (ψ1 ⊗ · · · ⊗ψN ) =
1
N !
∑
σ
sign(σ)ψσ(1) ⊗ · · · ⊗ψσ(N),
(12)
[2] An operator A is bounded if ||AΨ|| ≤ C||Ψ||, with C independent
of Ψ
4where sign(σ) is 1 for an even permutation and −1 for
an odd permutation. This defines two kinds of Hilbert
spaces:
HNS = {ψ ∈ H
N ;SNψ = ψ} (13)
and
HNA = {ψ ∈ H
N ;ANψ = ψ}. (14)
HN denoting the tensor product of N Hilbert spaces.
We then define the Fock space of radiation:
UF =
∞∑
N=0
⊕
(
U⊗Nλ
)
S
(P) (15)
where U⊗Nλ is the tensor product of N photon irreducible
representations characterized by the set of eingenvalues
λ, in particularH2−P 2 = 0. UF is defined in the Hilbert
space:
H =
∞∑
N=0
⊕
(
HNS λ
)
(16)
HNS λ being the symmetrized tensor product of the
Hilbert spaces where the photon irreducible representa-
tions acts. N = 0 corresponds to the trivial vacuum
representation π[(Λ1, a
µ
1 )] = I.
The associated Hamiltonian is:
HF =
∞∑
N=1
⊕(H⊗I · · ·⊗I+I⊗H⊗· · ·⊗I+· · ·+I⊗I · · ·⊗H)N ,
(17)
In the irreducible representation, H can be put a form
in which the momentum P j is diagonal. Being an irre-
ducible representation, all we need to specify is the di-
mension d of the eigenspace associated with the eigen-
value pj that can be proved to be the same for all pj in
irreducible representations:
H = diagd(E(p), E(p), · · ·E(p)), (18)
that denotes a d × d diagonal matrix, E(p) being the
photon dispersion relation. The dimension d is de-
termined by the dimension of the corresponding little
group, that is, the group subspace that leaves the four-
momentum of the irreducible representation invariant.
For P 2 = 0 and Pµ 6= 0, we can choose the four-
momentum k = (1, 0, 0, 1) and using the correspondence
between the Lorentz group action and SL(2,C) action on
2× 2 hermitian matrix, in such a way that k corresponds
to the matrix p¯ given by:
p¯ =
(
1 0
0 0
)
, (19)
that is leaved invariant by the action of the elements
A ∈ SL(2,C) given by (p¯′ = Ap¯A∗):
γφ =
(
eiφ 0
0 e−iφ
)
, γη =
(
1 η
0 1
)
, (20)
γφ, φ real (mod 2π), is a representation of the rota-
tion group in two dimensions SO(2), while γη, η is com-
plex, the translation group. The associated little group is
therefore ISO(2) of the rotations and translations in R2;
This subgroup is associated with translations and only
admits infinite dimensional representations (except the
trivial one) associated with the continous spin represen-
tations. Since we do not have knowledge of infinite inter-
nal degrees of freedom for particles, we postulate that this
subgroup is only mapped into the trivial representation
(all elements go into the identity). The SO(2) subgroup
has one dimensional irreducible representations, but since
the electrodynamics is invariant by parity, that connects
opposite helicities, the dimension of the little group is
two.
The canonical partition function is then given by:
Z(β, V ) = Tr
(
e−βHF
)
(21)
In order to determine the dependence with volume, we
impose periodic boundary conditions on the one param-
eter subgroups of space translations in the xj direction:
Uxj(0) = Uxj (L). (22)
It follows that:
U(xi) =
∑
n
e−i
2pinxi
L
∫ L
0
1
L
ei
2piny
L U(y)dy =
∑
n
e−i
2pinxi
L En,
(23)
where En are mutually orthogonal projections and:
lim
n→∞
∑
n
EnΨ = Ψ. (24)
This implies momentum quantization, since U(t) =
e−i
Pixi
~ , where
P =
∑
n
nEn (25)
The allowed values of momentum are:
pj =
2π~nj
L
, (26)
where nj an integer.
The idea of non-commutative inflation [23] is to intro-
duce the fenomenological modification
E2 = P 2 → E2 = P 2f2(E) (27)
straight into (18) and (17), modifying the calculation of
(21) and obtaining, from the usual thermodynamic rela-
tions:
ρ(E, T ) =
1
π2
E3
expE/T − 1
1
f3
∣∣∣∣∣1−
Ef
′
f
∣∣∣∣∣ (28)
5p =
1
β
∂
∂V
ln (Z(β, V )) =
1
3
∫
ρ(E, T )
1− Ef
′
f
dE (29)
ρ = −
1
V
∂
∂β
ln (Z(β, V )) =
∫
ρ(E, T )dE. (30)
We consider here c = kB = ~ = 1. To find an inflationary
behavior, [1] used the ansatz:
f = 1 + (λE)α, (31)
We extended this to a set of inequalities on f(E) re-
lated to minimal requirements for inflation [24]. We use
this extension as a starting point of our argument.
III. THE HOPF ALGEBRA CONCEPT
A question addressed by us in [18] is wheter or not
the above analysis follows unaffected under the non-
commutative hypothesis, since this model is supposed
to be a mechanism for inflation applicable to non-
commutative spaces. Nonetheless, what is meant by a
quantum theory in the non-commutative space is a mat-
ter of discussion in the literature [25], [26], [27], [16]
and [28], we therefore followed a suggestion, more ad-
justable to the Wigner approach, that the effect of non-
commutative space-time is changing the algebraic struc-
ture of the Poincare´ Lie algebra [16]. This is something
similar to quantizing a group, in which the algebraic
structure of the Lie algebra is transformed into that of a
Hopf algebra.
The information which defines the non-commutative
space is the C∗-algebra 3 , that, in some sense, is the al-
gebraic idealization of a set of complex continuous func-
tions defined on a topological space X . An important
result, called the Gelfand-Naimark theorem, states that,
when the product of the C∗-algebra is commutative, it is
possible to recover the space X as a unique function of
the algebraic information alone. If we allow the product
of the algebra to be non-commutative, we will no longer
have an space X , but we can establish a non-unique cor-
respondence with a set of Hilbert space operators. C∗-
algebra is what one can call the flat non-commutative
space, since the metric is not recovered by the algebraic
information in this formalism. A generalization, that is
[3] C∗-algebra is a linear vector space A with an associative prod-
uct · : A × A → A (i.e. (a · b) · c = a · (b · c)); an operation
called involution ∗ : A → A that is defined with the properties:
(A + B)∗ = A∗ + B∗, (λA)∗ = λA∗, with λ a complex num-
ber, (AB)∗ = B∗A∗ and (A∗)∗ = A ; a norm || || : A → ℜ
with respect to which the algebra is a Banach space (i.e. given a
sequence an of elements, if limn→∞ ||an+m − an|| = 0 for each
m > 0, then there exists an a such that limn→∞ ||an−a|| = 0 . );
the product is continuous with respect to the norm, i.e. ||AB|| ≤
||A|| · ||B|| , and the norm additionally satisfies ||a∗a|| = ||a||2
the fundamental concept in the non-commutative geome-
try, is the spectral triple [28], [29],[30],[31],[32] and [33], in
which additional structure is furnished to the C∗-algebra
to codify a metric.
Although the procedure (described in [16]) to take
into account the information that defines the non-
commutative space, the C∗-algebra, and deform the
Lie algebra structure is not defined for general non-
commutative spaces, if we assume that such a procedure
must exist, we are able to define a formal deformation
of the relativistic quantum theory in terms of algebraic
methods [18]. That is very similar to what is done in
quantum field theory in curved space-time. By doing
this, we are following a different approach of the very
authors of the Hopf algebra deformation procedure, in
which, once possessing the associated Hopf algebra, they
define the physics (only for real free scalar field) by a
Lagrangian action to be quantized. A Lagrangian that is
required to be invariant under Hopf Algebra action:
S[φ(x)] =
∫
φ(x)(λ −M
2)φ(x), (32)
where λ is a non-relativistic differential operator.
The Hopf algebra concept, instead of a formal need
to a possible connection with non-commutative spaces,
is actually a fundamental ingredient of non-commutative
inflation.
There are many ways to define a Hopf algebra, a
possible way which suggests its connections with non-
commutative spaces is saying that the Hopf algebra is a
set of transformations which acts not only on a vector
space (like the Hilbert space), but on a algebra, like the
C∗-algebra, and acts in a way dependent on the algebra
product, that codifies non-commutativity.
A Hopf algebra H acts in a algebra A as a set of trans-
formations not necessarily invertible, H : A → A, this
action being denoted by h ⊲ f , h ∈ H and f ∈ A. H
is an algebra, that is, one can multiply elements, and
construct linear combinations with complex coefficients:
(h1 · h2)⊲ f = h1 ⊲ (h2 ⊲ g) (33)
(αh1 + βh2)⊲ f = α(h1 ⊲ f) + β(h2 ⊲ f). (34)
In this way, H depends on the product of the elements
of A by a generalization of the Leibniz rule: h⊲ (f · g) =∑
i(hi(1) ⊲ f) · (hi(2) ⊲ g), or, by using a short notation:
h⊲ (f · g) = (h(1) ⊲ f) · (h(2) ⊲ g), (35)
where the rule
∆ : H → H ⊗H (36)
given by ∆ : h→
∑
i hi(1) ⊗ hi(2) is called a coprodut.
It leads us to an alternative way to define a Hopf alge-
bra, a way which is particularly important for the pur-
poses in this paper. A Hopf algebra H is an algebra
which has a rule to construct tensor products that fur-
nish representations of the same algebra.
6Consider for example a Lie Algebra realized in the
Hilbert space H. Its generators satisfy:
[Xi, Xj ] = C
k
ijXk (37)
But we can define new representations of the very same
Lie algebra (37) in the tensor product of Hilbert spaces
H1 ⊗H1 by:
∆Xi = Xi ⊗ I + I ⊗Xi (38)
we observe that this is exactly what is done in (17).
We can actually construct arbitrary tensor products,
because ∆ has a property called coassociativity :
(id⊗∆)∆h = (∆⊗ id)∆h (39)
h(1) ⊗ h(2)
id⊗∆
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
h
∆
;;✈✈✈✈✈✈✈✈✈✈
∆
##❍
❍❍
❍❍
❍❍
❍❍
❍ h(1) ⊗ h(2) ⊗ h(3)
h(1) ⊗ h(2)
∆⊗id
66♠♠♠♠♠♠♠♠♠♠♠♠
Here id is the indentity among the operators H → H .
This follows from H⊲(abc), where we apply the rule (35)
first on the pair a · (bc), but it must yield the same result
as applied first on the pair (ab) · c.
A generalization of rule (35) for the product of N ele-
ments of A follows from coassociativity:
H ⊲ (
∏
i
fi) =
∏
i
(h(i) ⊲ fi), (40)
In addition, we can define a generalization of the rule
(36) ∆N : H → H⊗N+1:
∆Nh = (∆⊗id · · ·⊗id) · · · (∆⊗id⊗id)(∆⊗id)∆h, (41)
which would yield, by coassociativity, the same result,
even if in each term (∆ ⊗ id · · · ⊗ id) we changed the
positions of the ∆. In this sense, we can identify the ∆
itself with (∆⊗ id · · · ⊗ id) while acting in H⊗N .
If we have a rule ∆ : H⊗N → H⊗N+1, we must have a
rule to do the inverse. This rule is obtained when one of
the multiplying elements of A, in the product rule (35),
is the identity of A:
h⊲ (1 · g) = (h(1) ⊲ 1) · (h(2) ⊲ g)
= ǫ(h(1)) · (h(2) ⊲ g)
= h⊲ g;
h⊲ (g · 1) = (h(1) ⊲ g) · (h(2) ⊲ 1)
= (h(1) ⊲ g) · ǫ(h(2))
= h⊲ g;
where the rule ǫ : H → C is called the counity. The
counity undoes the ∆ action, in the following sense:
ǫ(h(1))⊗ h(2)
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
∆h = h(1) ⊗ h(2)
ǫ⊗id
66♠♠♠♠♠♠♠♠♠♠♠♠♠
id⊗ǫ
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
h
h(1) ⊗ ǫ(h(2))
::ttttttttttt
We therefore set ǫ : H⊗N+1 → H⊗N , where ǫ is iden-
tified with (ǫ ⊗ id · · · ⊗ id), independent of the position
of ǫ.
The Hopf algebra H acts in A as a set of transforma-
tions not necessarily invertible. In spite of that, there is a
generalized notion of inverse called antipode, S : H → H .
The antipode is such that if H has an inverse, it will sat-
isfy S(h) = h−1. The antipode is (uniquely) defined by
the properties S(h(1)) · h(2) = h(1) · S(h(2)) = ǫ(h)1H ,
where 1H is the identity of H . In a short notation:
· (S ⊗ id)∆h = ·(id⊗ S)∆h = ǫ(h)1H . (42)
Given h(1)⊗· · ·⊗h(N+1) = ∆
Nh, we apply ·(S⊗ id)⊗
id · · · ⊗ id, possibly changing the position of the term
·(S ⊗ id), which yields ∆N−2h.
IV. CONNECTING HOPF ALGEBRAS WITH
THE HILBERT SPACE
As already observed, in [16], the authors suggest
that, once possessing a Hopf algebra which replaces the
Poincare´ Lie algebra, they define the physics (only for
a real free scalar field) by an action functional to be
quantized. An action functional that is required to be
invariant under Hopf Algebra action:
S[h⊲ φ(x)] = S[φ(x)], (43)
where φ(x) is an element of the non-commutative C∗-
algebra which defines the non-commutative space. In our
work, [18], we suggest an alternative formulation. This
formulation consists in applying the Wigner prescription
for relativistic quantum theory by assigning irreducible
representations of the Hopf algebra to Hilbert spaces of
one particle systems. A useful concept here is the GNS
construction of the mathematical C∗ algebra theory.
The GNS construction is of fundamental importance
in physics and mathematics. It is the basis of the proof
of the Von Neumann theorem, which states that all irre-
ducible representations of the Heisenberg algebra are uni-
tarily equivalent. The GNS construction is what assures
us that the representation problem of C∗ algebras always
has a solution, provided that all algebraic conditions of
its definition are satisfied. It creates a correspondence
between the algebra and a set of Hilbert space operators.
The fundamental idea is that for all state ω : A →
C, i.e. positive definite linear functional, defined by
7ω(A∗A) ≥ 0, corresponds a representation πω : A →
O(Hω), O(Hω) being operators in the Hilbert space Hω.
It is done in such a way that Hω has a cyclic vector
Ψω, that is, the application, in Ψω, of the operators
of the representation, generates the entire Hilbert space
(more exactly, a dense subspace), in such a way that
ω(A) = (Ψω, πω(A)Ψω). Furthermore, any other rep-
resentation π in Hilbert space Hπ with a cyclic vector
Ψ which satisfies ω(A) = (Ψ, π(A)Ψ) is unitarily equiva-
lent to πω, that is, there exists an unitary transformation
U : Hπ → Hω such that:
Uπ(A)U−1 = πω(A), UΨ = Ψω. (44)
The GNS construction is based on the fact that the C∗
algebra is already an Hilbert space, except for a scalar
product to be defined. This can be taken as (A,B) =
ω(A∗B), where ω is a state. The inner product is positive
definite by positivity of the state, but (A,A) = 0 does not
imply in general A = 0, an inner product property. We
define then the set:
J = {A ∈ A, ω(B∗A) = 0, ∀B ∈ A} (45)
that is such that A · J ⊆ J , property which makes J
a left ideal. The states of the Hilbert space are then
equivalence classes defined in terms of J , that is, any
two elements that differ by a J element are equivalent:
[A] = A+B,B ∈ J , which defines the so called quotient
space A/J . The Hilbert space operators are then given
by:
πω(A)[B] = [AB]. (46)
and such that:
ω(A) = 〈Ψω|A |Ψω〉 (47)
The existence of representations is therefore assured
by the existence of the states, positive definite linear
functionals, but it is part of the C∗ algebra theory to
prove that such states do exist, provided that the alge-
braic properties of the definition are satisfied.
Furthermore, different kinds of states are related to
different kinds of representations. In particular, the irre-
ducible representations are related to normalized states
(i.e. ω(1) = 1) that cannot be decomposed as convex
linear combinations of any other two normalized states,
i.e., ω(A) 6= λω1(A) + (1 − λ)ω2(A), λ ∈ [0, 1] and ωi
an state, ωi 6= ω. In particular, Schur’s lemma is valid,
and a state related to irreducible representation satisfies
ω(P (C)) = P (ω(C)), where C is a Casimir of the algebra
and P (C) in a polynomial in C.
We can do the same thing with Hopf algebras. There
exists many ways in which a Hopf algebra can act on
other algebraic structures and many ways to realize its
action. The particular case given by Eq. (35) is called
a left corregular action and it is the particular way ex-
plored in [16] to define the Poincare´ Lie algebra deforma-
tion under non-commutative hypothesis. In group the-
ory, for example, the left multiplication of an element g
by another element g′ furnishes a representation of the
group: π[g](g′) = g ·g′, but it is not the case in Hopf alge-
bras. To do that we must consider the linear functionals
on it, the so callled dual Hopf algebra, H∗ : H → C,
denoted by 〈φ, h〉 → C, φ ∈ H∗, h ∈ H . We can
transform H∗ into a Hopf algebra through the structure
of H : 〈φψ, h〉 = 〈φ⊗ ψ,∆h〉, 〈∆ψ, g ⊗ h〉 = 〈ψ, g · h〉,
〈1, h〉 = ǫ(h) and ǫ(ψ) = 〈ψ, 1〉.
We then define the action of H into H∗ according to
(35), which transforms H∗ into the so called H-module
algebra, yielding the so called left corregular representa-
tion R∗ : H∗ → H∗:〈
R∗g(φ), h
〉
=< φ, hg >=< φ(1), h > · < φ(2), g > . (48)
To proceed in the GNS construction, we need to define
a involution ∗ : H → H , the adjoint operation of C∗ alge-
bras, characterized by the properties (A+B)∗ = A∗+B∗,
(λA)∗ = λA∗ such that (AB)∗ = B∗A∗ and (A∗)∗ = A.
We need actually to assure that the self adjoint prop-
erty X = X∗ is compatible with the algebra in such a
way that we can transform it into generators of one pa-
rameter subgroups. Furthermore, we need compatibility
with the Hopf algebra structure in the following sense:
∆h∗ = (∆h)∗⊗∗, ǫ(h∗) = ǫ(h) and (S ◦ ∗)2 = id. It as-
sures things like, if H is a self-adjoint operator, ∆H will
be a self-adjoint operator too.
As in the C∗ algebra case, H∗ is a Hilbert space, except
for a inner product to be defined. This product must be
such that (φ, h ⊲ ψ) = (h∗ ⊲ φ, ψ) φ, ψ ∈ H∗. The Hopf
algebra theory yields a natural choice of inner product,
called the right integral
∫
: H∗ → C defined by the
property:
(
∫
⊗id) ◦∆ = 1H∗ ·
∫
. (49)
Analogously we can define the left integral, both being
unique, except by a multiplicative factor.
The importance of the right integral is how it is related
to the left corregular action:∫
(φ⊲ g)∗f =
∫
g∗(φ∗ ⊲ f) (50)
We can define the ideal JH∗ :
JH∗ = {f ∈ H
∗/
∫
g∗f = 0, ∀g ∈ H∗} (51)
that defines the Hilbert space H∗/JH∗ . It follows that
we transform the Hilbert space into a non-commutative
algebra in which the Hopf algebra acts following the rule
(35), the same rule as in it acts on the non-commutative
C∗-algebra.
We could, however, interpret the Hopf algebra simply
as an algebra which can be realized as a C∗-algebra, by
functionals that act on H itself, not in H∗, that is, ignor-
ing the rule (35) and worrying about the coproduct only
if we have to deal with tensor products. This is going to
be the point of view of the rest of this work.
8The prescription to define the physics of the radia-
tion that would lead to the same equations of the non-
commutative inflation, (28) and (29), would be:
Prescription 1 (πg). Be pN a Hopf algebra with gener-
ators Xi which deforms Poincare´ Lie algebra
4 with a set
of Casimir elements C0, C1 · · · and be πλ′ : pN → O(D)
the irreducible representation 5 with Casimir eigenvalues
λ′ = (λ0, λi). Be PN the group generated by elements of
the form e−iXit and UNPλ′ an irreducible representation
of it given by πPN [e
−iXit] = e−iπλ′ (Xi)t, t ∈ R. The
physics of the radiation is defined by a representation of
PN obtained by (15) by the replacement:
Uλ → U
NP
λ′ , (52)
for some set λ′. This prescription leads us to the follow-
ing representation of PN :
UNPF =
∞∑
N=0
⊕
(
UNP⊗Nλ′
)
S
(53)
Observe that it is a Fock space structure, the differ-
ence is the mathematical structure of one-particle states.
Nonetheless, if there are some things in common between
the new one-particle structure and the usual relativistic
one, equations (28) and (29) will be the same.
Also, observe that the role of the GNS construction,
if not directly applied to realize the algebra, is going to
be telling us that, once we define a C∗ (or Hopf) algebra
with all algebraic requirements, it is assured that the
representation problem has a solution and we are able
to do definitions like the above one. This suggests that
we should define the group by definig a C∗ algebra with
appropriate requirements for its realization.
V. IMPORTANT PHYSICAL REQUIREMENTS
ON THE POINCARE´ LIE ALGEBRA
DEFORMATION pN AND ON THE
REPRESENTATION OF THE ASSOCIATED
GROUP PN THAT DRIVES INFLATION
A. Abstract algebraic conditions
We thus define a deformation of the Poincare´ Lie group
P through a deformation of its universal enveloping al-
gebra 6 p to select an representation of it to describe
the radiation and drive the inflation. This deformation,
denoted by pN , besides the conditions to assure the ex-
istence of its realizations, must satisfy some physical re-
quirements that we now describe.
[4] More exactly, its universal enveloping algebra, where multiplica-
tion between elements is defined
[5] Associated to the GNS construction given by states in pN or p
∗
N .
O(D) denotes operators in the domain D.
[6] The associative algebra of generators, that is, there exists an
associative product such that the commutator is the Lie product
The first one is that pN must form a nontrivial algebra,
that is, its generators must satisfy a set of algebraic equa-
tions not trivially satisfied by every set of Hilbert space
operators. It may appear a trivial condition, since a thing
that we usually take for granted is that, no matter what
is the group we are talking about, the generators will
always for an algebra. Nevertheless, that is not mathe-
matically true. Physics cannot be formulated without an
underlying algebraic structure for symmetry generators
though. It is in terms of those nontrivial algebraic equa-
tions that the physical requirements are expressed. On
the other hand, such a specification tell us what is the
particular pN that we are considering.
Furthermore, the generators of this algebra and the
algebraic constraints must be compatible with the self
adjoint condition X = X∗, for an involution satisfying
(A+B)∗ = A∗+B∗, (λA)∗ = λA∗ and such that (AB)∗ =
B∗A∗.
A physical requirement related to the possibility of
measure Energy and Momentum at same time, or the
very concept of dispersion relation will not make sense,
is that pN must have a commutative subalgebra associ-
ated to space-time translation generators. We will asso-
ciate this algebra with the energy E and momentum P .
Besides, the algebra must have an Casimir C(E,P ) ob-
tained as an algebraic function of E,P that is compatible
with the positive energy condition.
Such compatibility is in the following sense: the solu-
tions of the equation C(E,P ) = λ define surfaces in the
(E,P ) variables, that we call a mass-shell deforma-
tion, denoted by Cλ, such that for some subset MpN of
λ, Cλ has a connected component satisfying E ≥ 0 and
E = 0⇔ Pµ = 0.
We are going to call the set of the (E,P ) points such
that C(E,P ) ∈MpN and E ≥ 0 the deformed forward
light cone V +pN . This property is part of the conditions
that will assure that there are irreducible representations
of PN with positive-definite energy.
The algebra generated by energy and momentum, de-
noted by t, must be an ideal in the Lie algebra. That is,
for any generator Xi, [P
µ, Xj ] = G
µ(P ν), where Gµ(P ν)
is an algebraic function of energy and momentum. This
condition assures that energy eigenstates, related to sta-
ble states, are mapped into energy eingenstates by the
action of PN . That is, if the system is observed to be in
a stable state in one reference frame, it will be observed
to be in a stable state after the application of PN
7. The
[7] Suppose Ψ is an energy eingenstate, since [E,P ] = 0, it is
also a momentum eigenstate. We can then write PµΨ = pµΨ,
or, equivalently, eiP
µ
Ψ = eip
µ
Ψ. A referential change by
PN implies e
iPµ → UeiP
µ
U−1 = eiCeiP
µ
, what implies that
eiC = UeiP
µ
U−1e−iP
µ
. We can write U = eiXi , and apply the
integral form of the Baker-Hausdorff formula:
eC = eAeB
C = B +
∫ 1
0
g(etadAeadB)Adt; g = ln(z)/(z − 1),
9fact that the subalgebra t is an ideal essentially assures
that:
U(g1)P
µU−1(g1) = Gg1(P
µ), (54)
where U(g1) is a Hilbert Space representation of an ele-
ment g1 ∈ PN and Gg1 is a realization of the same ele-
ment as transformation in the energy-momentum space.
From this, we formulate the additional condition that
assures positivity of energy for at least some irreducible
representations of PN
8 :
[Pµ, Xν] = c
(µν)
0 + c
(µν)
α P
α + c
(µν)
αβ P
αP β + · · · ,
where c
(µν)
0 = 0
(55)
c(µν) being complex coeficients.
The next requirement is that pN has the Poincare´ Lie
algebra as the low energy-momentum limit. A way to
assure this is as follows: Let Cijk
(0)
be the structure con-
stants of the Poincare´ Lie algebra (5)-(7), and Cijk (E,P )
algebraic functions of the energy and momentum opera-
tors such that Cijk (0, 0) = C
ij
k
(0)
(Since [E,P ] = 0, we
can put the Hilbert space in a representation in which E
and P are multiplicative operators). We can define pN
as:
[Xi, Xj ] = iX
kCijk (H,P ). (56)
It is possible to prove that in a irreducible representa-
tion satisfying (54) the states can be written as:
Ψ =
∑
σ
∫
d3µ(p)φ(pµ, σ)Ψpµ,σ, (57)
(The conclusion that follows from (54) is that the dimen-
sion of eigenspace of Pµ with eigenvalue pµ is indepen-
dent of pµ)
We write then a state in the form (57) as:
Ψpµmax =
∫
dµ(p)φ(p, σ)Ψp,σ ,
supp{φ(p, σ)} ∈ {E < Emax, P
j < pjmax} (58)
where adA is the adjoint action given by adA(B) = [A,B]. We
conclude that C ∈ t and, furthermore, eiCeiP
µ
= eiP¯
µ
, where
P¯µ is an analytic function Pµ that defines a representation.
[8] The measurement in such representations yields expected val-
ues for four-momentum ω(Pµ) = 〈Ψω |Pµ |Ψω〉 belonging to the
linear convex closure of the set Cλ, that we denote Cλc, and is
the set of all linear combinations of the type λpµ
1
+ (1 − λ)pµ
2
,
pµ
1,2 ∈ Cλ, λ ∈ [0, 1]. Being a regular representation, that is, a
representation in which e−iXit |Ψ〉 is continuous for every state
|Ψ〉, ωt(Pµ) = ω(eiXtPµe−iXt), it is a continuous path in Cλc
that only achieves the region with E ≤ 0 by the point pµ = 0,
or, equivalently by the state ωt0(P
µ) = 0, but d
dt
ωt(Pµ)
∣∣
t=t0
=
ω([Xt0 , P
µ]) = ω(H(Pµ)) = 0, Xt0 = e
iXt0Xe−iXt0 , where we
have made use of (55).
The action of generators of pN on those states satisfy:
[X i, Xj ]⊲Ψpµmax = iX
kCijk (H,P )⊲Ψpµmax
→ iXkCijk
(0)
⊲Ψpµmax (59)
when pµmax → 0 and Emax → 0. supp denotes the
smallest closed set outside which φ(p) is zero. ⊲ de-
notes the action (as an operator) in the one particle
states, while → denotes the strong convergence (i.e.
||XkCijk (H,P ) ⊲ Ψ − X
kCijk
0
⊲ Ψ|| → 0)9 . In other
words, the typical eigenvalues of the generators effec-
tively change the commutation relations. The property
(56) further assures that the algebra generated by E,P
is an ideal.
Given the property (54), it makes sense to talk about
the little group, the subgroup Wpµ of PN , in represen-
tation (54), that leaves a particular pµ invariant. The
little group of any pµ in the same Cλ is the same (iso-
morphic). Indeed, in a irreducible representation, any pµ
can be sent into any other by the action of some Gg1 .
Therefore, given w1 ∈ Wpµ
1
we can obtain w2 ∈ Wpµ
2
by w2 = Gg1w1G
−1
g1
, where Gg1(p
µ
1 ) = p
µ
2 . It follows
that, the little group that acts in low energy and mo-
mentum should be the same as that at high energies.
What leads us to the requirement that every little group
of PN , Wpµ , for λ ∈ MPN must be isomorphic to some
little groupW(Λ, pµ) of the Poincare´ group associated to
some positive-definite energy irreducible representation.
What additionally assures that the number of internal
degrees of freedom for particles is the same as that of
relativistic particles, which affects the calculation of the
partition function, as in (19).
A further condition is that pN must preserve the
SO(3) Lie algebra, the rotation group, and [H,Mi] = 0,
whereMi is the generator of the rotation subgroup along
the i direction. Indeed, it is related to the thermody-
namic description of a perfect fluid that is used in non-
commutative inflation. That description is no longer
valid if the thermodynamic state is no longer rotation-
ally invariant, since the perfect fluid is the one that is
isotropic in the reference frame that follows the fluid.
In the thermodynamic description, the matter is de-
scribed by the non-pure state 〈ΨT |A |ΨT 〉 =
Tr(e−βHA)
Tr(e−βH)
,
where A is the selfadjoint operator related to an observ-
able and β = 1
kBT
. The state is rotation invariant if
〈ΨT |RAR
−1 |ΨT 〉 = 〈ΨT |A |ΨT 〉, where R is a rotation.
Since the trace is cyclic, we have:
Tr(e−βHA)
Tr(e−βH)
=
Tr(R−1e−βHRA)
Tr(e−βH)
, ∀A⇔ [Mi, H ] = 0
(60)
[9] For selfadjoint operators, or ||XkCij
k
(H,P )⊲Ψ−XkCij
k
0
⊲Ψ|| →
0, or it is not a convergent sequence
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B. Conditions on the quantum representation
Other thing we usually take for granted is that if some
representation of a group has a well defined algebraic
structure for generators, all other representations will
have too; besides that, they will have the same one.
Nonetheless, it is not generally valid. All of these are
valid for Lie groups, but if we are no longer dealing with
Lie groups, it will be no longer generally valid, the al-
gebraic structure of the generators will no longer be a
concept attached to the group itself but to specific rep-
resentations.
It leads us to the last condition, which is related to the
application of prescription 1. (17) must be a generator of
the pN if H ∈ pN . Although this is a subtle point, it is
the main point of this paper. (53) is actually a valid rep-
resentation of the group PN , since it satisfies (1)-(3), but,
at least that it is a Lie Group, the generators of the one-
parameter subgroups are not assured to form the same
algebra as pN . If it is the case, it will mean that we do
not have a uniquely defined notion of a dispersion rela-
tion that replaces the relativistic one. In particular, the
generators of these subgroups may not form an algebra
at all, not satisfying the above discussed requirements.
If the direct product of two one-particle representations
do form an algebra satisfying all the above requirements,
but do not form the same algebra than that of the one
particle subspace, then an S matrix connecting a one-
particle with the two particles would not be compatible
with energy conservation in all reference frames, since the
energy of in and out states would not transform as the
same function as in Eq.(54).
This leads us to consider two kinds of representa-
tions of the group PN , the one whose generators of one-
parameters subgroups do not form the same algebra than
pN , that we will call the πg representation, and that
one whose generators of the one-parameter subgroups do
form the same algebra as pN , that we will call the πA
representation.
VI. THE NON-EXISTENCE OF A LIE GROUP
THAT REALIZES NON-COMMUTATIVE
INFLATION
In our previous work [18], we obtained a set of condi-
tions to be satisfied by a dispersion relation that assures
minimal desirable conditions for inflation, like the min-
imum duration of it, related to problems like the flat-
ness of the universe ([34] and [24]). These conditions
were given by a set of inequalities that contains the par-
ticular ansatz applied by the original authors of non-
commutative inflation [1]. It was shown that, given the
original equations of the model, (28)-(30), the minimum
duration of inflation is related to a limitation of the pho-
ton’s momentum (a consequence of condition 3 of the
theorem 2 in [18]).
Since Casimir is an algebraic entity of pN , those con-
ditions should be included in the set of algebraic condi-
tions for inflation discussed in the last section. Let us
show here that the limitation of the photon’s momentum
is precisely what implies that (17) cannot be the time
translation generator of a representation of pN , provided
that all Cλ (the mass shell deformation) with positive def-
inite energy is connected and allows a zero momentum
state, that is, Cλ contains the point (E,P ) = (E
(0)
λ , 0).
Consider the deformed forward light cone V +pN defined
in the previous section. Suppose that C(E,P ) = λP ∈
MpN (MpN defined in the previous section) for the ir-
reducible representation that describes radiation. CλP
should contain the point (E,P ) = (0, 0) since, in the low
momentum and energy limit, the deformed dispersion re-
lation should be the usual photon’s dispersion relation.
Consider additionally that for any other λ ∈ MpN , Cλ
contains the point (E,P ) = (E
(0)
λ = m
2, 0), i.e. we are
assuming a relativistic low energy-momentum limit for
every particle’s deformed dispersion relation associated
to pN . Since Cλ is rotationally invariant by hypothesis (a
condition related to the perfect fluid description), let us
consider the graph relating the momentum’s magnitude
to the energy in a particular irreducible representation
with the dispersion relation Casimir λ: ||P || = Pλ(E).
It happens that Pλ(E) ≥ 0 and there is no E such
that Pλ1(E) = Pλ2(E) for λ1 6= λ2, since C(E,P ) is an
analytic function. Therefore Pλ(E
(0)
λ ) = 0 < PλP (Eλ),
which implies that Pλ(E) < PλP (E) for all E. Indeed,
if there is an E such that Pλ(E) > PλP (E), it fol-
lows by the continuity of Pλ(E) (by analyticity of the
Casimir C(E,P )) that there must be an E such that
Pλ(E) = PλP (E). But such a point cannot exist. The
conclusion is that if each Cλ with positive definite en-
ergy is connected (to use the continuity argument above)
and has relativistic energy in the low energy-momentum
limit, a limitation of photon momentum implies a limi-
tation of momentum for all positive definite energy irre-
ducible representations.
The reasoning above is only valid for irreducible repre-
sentations. Let us now argue about the general case. To
do that, let us consider an important result in the rep-
resentations of Von Neumann algebras10 that addition-
ally is going to be the basis of a possible new procedure
to obtain the correct non-relativistic inflationary equa-
tion of state. This result comes from a powerful form
of the spectral theorem. Indeed, in quantum mechanics,
we know that, given an irreducible representation of the
Heisenberg algebra, there exists a unitary transform U
such that we can put the position or momentum opera-
[10] A Von Neumann algebra A is a subalgebra of the operators in the
Hilbert space B(H) that is an ∗-algebra, that is, it contains the
adjoint of each element, and is equal to its bicommutant, that
is, A = A′′. The bicommutant of A is the set of all operators in
the Hilbert space that commutes with the commutant A′, where
the commutant is the set of all operafors that comute with A.
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tor (not at same time) as multiplicative operators in the
Hilbert space L2(R) of the square (Lebesgue) integrable
functions, that is: xˆ |Ψ〉 = xΨ(x), Ψ(x) ∈ L2(R). This
diagonal form, however, is not general. It is only valid
for the so called cyclic operators11 with spectrum equal
to R. The general form of this decomposition is the so
called direct integral representation (see [35] for a proof).
Given a self adjoint operator A in some domain D in
a separable (i.e., with countable basis) Hilbert space H ,
there exists a unitary transform U : H → h such that
h =
∫ ⊕
H(λ)dµ(λ), (61)
H(λ) a (possibly infinite dimensional) separable Hilbert
space for each λ. This is the Hilbert space whose vectors
are written as
Ψ =
∫ ⊕
Ψ(λ)dµ(λ), Ψ(λ) ∈ H(λ) (62)
and the inner product is:
(Φ,Ψ) =
∫
〈Φ(λ),Ψ(λ)〉λ dµ(λ), (63)
〈Φ(λ),Ψ(λ)〉λ being the inner product of the Hilbert
space H(λ), µ(λ) a suitable integration measure12. Fur-
thermore, we have:
UAU−1
∫ ⊕
Ψ(λ)dµ(λ) =
∫ ⊕
λΨ(λ)dµ(λ). (64)
The domain of the operator UAU−1, U(D), is the set:
∫
||λΨ(λ)||2λdµ(λ) <∞, (65)
|| ∗ ||λ being the norm of the Hilbert space H(λ).
We can do the same thing with a set of commuting
self-adjoint operators Ai with a common domain D
13,
defining the unitary transform (this is actually the Von
Neumann’s theorem for Abelian Von Neumann algebras):
UD : H → h =
∫ ⊕
H(λ1, λ2, · · · )dµ(λ1, λ2, · · · ), (66)
such that UAiU
−1
∫ ⊕
ψ(λ1, · · ·λN )dµ(λ1, · · ·λN ) =∫ ⊕
λiψ(λ1, · · ·λN )dµ(λ1, · · ·λN ).
[11] A selfadjoint operator A in some domain D in the Hilbert space
H is cyclic if there exists some Ψ ∈ D such that the set AnΨ, for
all n, spans the entire Hilbert space
[12] There is an additional detail that there exists a countable set of
mensurable sets Xi of λ values such that the dimension of the
Hilbert space H(λ) is the same for the same Xi and, when it is an
infinite dimensional Hilbert space for some Xi, it is a separable
Hilbert space.
[13] Actually, Ai is required to be essentially self-adjoint in the do-
main D
We can define the operator X in h by defining the
operator X(λ) in some domain D(λ) in each H(λ):
XΨ =
∫ ⊕
X(λ)Ψ(λ)dµ(λ). (67)
We denote:
X =
∫ ⊕
X(λ)dµ(λ) (68)
as the operator whose domain is the set
∫ ⊕
Ψ(λ)dµ(λ),
Ψ(λ) ∈ D(λ) and
∫
||X(λ)Ψ(λ)||2λdµ(λ) < ∞. It is pos-
sible to prove that the algebraic function f [X ] of X can
be writen as:
f [X ] =
∫ ⊕
f [X(λ)]dµ(λ), (69)
which shows the algebraic independence of the operators
defined in each H(λ).
Now suppose a representation of pN in the Hilbert
space H and C1, C2, · · · , CN is the set of Casimir op-
erators of the representation. By the uniform transform
we put H in a direct integral form such that all Casimir
operators are multiplicative:
h =
∫ ⊕
H(λ)dµ(λ), (70)
where λ is the entire set of Casimir eigenvalues. But in
eachH(λ), the Casimir is a multiple of the identity, there-
fore, by Schur’s lemma, there must exist an irreducible
representation of pN on each H(λ) whose generators are
written in the form (68).
We observe that the set of Casimir operators can in-
clude operators that are not predicted by the algebra of
pN , that is, other than (8), in the case of Poincare´ Lie
algebra. Indeed, suppose π : pN → O(D) (O(D) stands
for operators in the domain D) is an irreducible repre-
sentation, and the algebra predicts a particular Casimir
set C1, C2, · · · written as algebraic functions of the genera-
tors of pN . We can write another representation in terms
of the irreducible one: π′ = π ⊕ π. This is a reducible
representation, but there is no other Casimir in the im-
age of the representation π′ other than π′(Ci). However,
C′′ = (aπ[Ci])⊕ (bπ[Ci]), a, b ∈ R, a 6= b, is a Casimir op-
erator that is not a multiple of the identity and it is not
in the image of the original representation. This is be-
cause the representation of an algebra like the Lie algebra
(actually its enveloping algebra) is not a Von Neumann
algebra (see footnote (10)) such that A = A′′, that is,
that contains all its Casimir elements. It is contained in
some Von Neumann algebra. Those additional Casimirs
are related to the degenerance of the representation, i.e.,
the number of times, finite or infinite, that it appears in
the decomposition.
We then represent this decomposition as:
h =
∫ ⊕
H(λ, σ)dµ(λ, σ), (71)
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where λ is the algebraic Casimir eigenvalues, and σ is
related to the desgenerance.
Now suppose that in the decomposition of the rep-
resentation of pN there appears irreducible representa-
tions πλ with dispersion relation eigenvalues λ1 /∈ MpN
for some set B of λ with non-zero measure. Sup-
pose also there is a mensurable function f(λ) such that∫
dµ(λ)|f(λ)|2 <∞. If B has a finite measure, this func-
tion can be chosen as the characteristic function of B,
χB, which is equal to unity in B and zero otherwise. We
can choose a normalized vector ψλ of negative energy Eλ
in each H(λ) with λ ∈ B and the null vector in every
other λ value. The state
∫ ⊕
dµ(λ)f(λ)ψλ belongs to the
Hilbert space h and has negative energy. The conclusion
is that for all direct integral decompositions of pN with
positive definite energy, only irreducible representations
with λ0 ∈MpN do appear (except by zero measure sets).
Furthermore, we can write Pµ as a multiplicative op-
erator if we apply a further unitary transform in h that
represents each H(λ, σ) in (71) as the Hilbert space of N
component functions14 defined in the place of the points
(E, ~P ) ∈ R4 in the energy-momentum space that satis-
fies C(E,P ) = λ1 with measure ν
15 ( i.e. (E,P ) ∈ Cλ1 ,
recalling that λ = (λ1, λ2, · · · )). Combining the mea-
sures in Cλ1 and λ1
16 , we define a new measure µ′ in
four-momentum space and write:
h =
∫ ⊕
H(pµ, λ′, σ)dµ′(pµ)dν(λ′, σ), (72)
where λ′ denotes the remaing algebraic Casimir elements
λ′ = (λ2, · · · ). The support of the measure µ
′, i.e., the
region giving contributions to the integral17 , is the set of
points belonging to Cλ for each λ belonging to the direct
integral decomposition. For simplicity of notation, let us
denote
h =
∫ ⊕
H(pµ, τ)dχ, (73)
where τ = (λ′, σ).
We have the operator Pµ defined in h by the opera-
tor Pµ(pµ,τ) in each H(p
µ, τ) such that, for all Ψ(pµ,τ) ∈
H(pµ, τ):
Pµ(pµ,σ)Ψ(pµ,σ) = p
µΨ(pµ,σ), p
µ ∈ V +pN ⊆ R
4. (74)
[14] As stated, this decomposition is valid for irreducible represen-
tations if the associated Lie algebra has space-time translation
generators that form an ideal
[15] That is, the inner product of the irreducible representation is
(Φ,Ψ) =
∫
Cλ
ψ∗(pµ)ψ(pµ)dν =
∫
Cλ
∑
σ ψ
∗
σ(p
µ)ψσ(pµ)dν, where
ψσ are the components of ψ.
[16] If we have two measurable sets X1 and X2 with measures ν1
and ν2, we can define a new measurable set X1 × X2 in which
all measurable sets are of the Cartesian product form A1 × A2
for Ai a measurable set of Xi and the measure of A1 × A2 is
ν1(A1) · ν2(A2). The measure of (70) is the Cartesian product
form
[17] the largest closed set in which every open neighborhood has pos-
itive measure
Then, for all normalized Ψ ∈ h, 〈Ψ|Pµ |Ψ〉 ∈ V +pN c, where
V +pN c denotes the convex linear closure
18 .
Indeed, we can partition the set V +pN in regions Un =
V +pN ∩ Rijkl , where n is a set of indexes n = (i, j, k, n)
and Rijkl are the rectangles:
Rijkl = [p
0
i , p
0
i+1)× [p
1
j , p
1
j+1)× [p
2
k, p
2
k+1)× [p
3
l , p
3
l+1),
(75)
obtained from partitions pµi , i = 1, 2, · · ·N , µ = 0, 1, 2, 3,
such that
⋃
nRn ⊃ V .
It follows that 〈Ψ|Pµ |Ψ〉 =
∫
dχpµ||ψ(pµ, τ)||2, which
implies the inequalities:
∑
n
inf
Un
(pµ)
∫
Un
||ψ(pµ, τ)||2dχ ≤ 〈Ψ|Pµ |Ψ〉 (76)
〈Ψ|Pµ |Ψ〉 ≤
∑
n
sup
Un
(pµ)
∫
Un
||ψ(pµ, τ)||2dχ, (77)
but ||ψ(pµ, τ)||2 is positive definite and∫
V
+
pN
dχ||ψ(pµ, τ)||2 = 1, in such a way that the
right side of the first inequality and the left side of the
last one can be written as:
∑
n
pµncn,where
∑
n
cn = 1, p
µ
n ∈ V
+
pN
and cn ≥ 0. (78)
Suppose that
∑N
n=0 p
µ
ncn ∈ V
+
pN c
for
∑N
n=0 cn = 1,
then
∑N+1
n=0 p
µ
nc
′
n ∈ V
+
pN c
for
∑N+1
n=0 c
′
n = 1. Indeed, we
can write
N+1∑
n=0
pµnc
′
n =
∑N
n=0 p
µ
nc
′
n∑N
n=0 c
′
n
∑N
n=0 c
′
n∑N+1
n=0 c
′
n
+ pµN+1(1−
∑N
n=0 c
′
n∑N+1
n=0 c
′
n
)
(79)
But for N = 1 we have pµ0 c0 + p
µ
1 (1 − c0) ∈ V
+
pN c
.
Therefore, if pµ ∈ V +pN for every (p
µ, σ), ||~p|| < pmax,
it follows that for every representation of pN with pos-
itive definite energy the moment is limited by photon’s
momentum:
〈Ψ|P j |Ψ〉 ≤ pjmax, (80)
since every convex linear combination with limited mo-
mentum has the same bound to the momentum.
But the generators associated to representation (53)
are of the form:
XF =
∞∑
N=1
⊕(X⊗I · · ·⊗I+I⊗X⊗· · ·⊗I+· · ·+I⊗I · · ·⊗X)N
(81)
[18] The set of all points written in the form αpµ
1
+(1−α)pµ
2
, α ∈ [0, 1]
e pµ
1
, pµ
2
∈ V +pN . V
+
pN c
is obtained joining to V +pN every line
segment that joints any two points of V +pN .
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In particular, the energy of this representation is pos-
itive definite and the moment is unbounded (it assumes
every integer multiple of the irreducible representation
momentum). Therefore, the generators of (53) do not
realize pN . Besides, since every representation of a Lie
group induces a representation of the same Lie algebra
and (53) is a representation of the group PN , there is no
Lie group that realizes non-commutative inflation.
VII. THE ALTERNATIVE PRESCRIPTION FOR
THE NON-RELATIVISTIC INFLATIONARY
EQUATION OF STATE
The conclusion of the previous section is that, given
the condition for minimum duration of inflation in non-
commutative inflation [18], which implies that the mo-
mentum of an individual photon is limited, and assuming
that all Cλ (the mass shell deformation) with positive
definite energy is connected and allows a zero momen-
tum state, the non-commutative inflation is then neces-
sarily associated with a non-trivial Hopf algebra struc-
ture with a non-trivial coproduct structure. Therefore
Eq. (53), which leads to the fundamental equations of
non-commutative inflation, cannot be the appropriate
time-translation generator, according to the discussion
of section (V). Considering the group point of view, that
is, considering that we are representing the group PN
whose generators are e−iXit for Xi ∈ pN , to define the
physics, we are restricting the possible representations
that are used in such a construction, excluding repre-
sentation (53). This kind of restriction is not new in
physics, since we already restrict the representations of
the Poincare´ group that can appear in a relativistic quan-
tum theory to those of positive definite energy, for exam-
ple.
If we are able to find a Hopf algebra deformation pN
satisfying all the requirements of section (V) and, addi-
tionally, a coproduct ∆pN (defined in section (III)) sat-
isfying:
(
Ψpµmax ⊗ Φpµmax ,∆
pNXpNi Ψpµmax ⊗ Φpµmax
)
→
(
Ψpµmax ⊗ Φpµmax ,∆
pXpNi Ψpµmax ⊗ Φpµmax
)
, (82)
where Ψpµmax and Φpµmax are normalized states written as
in Eq. (58) and the limit is when (E,P ) → (0, 0). XpNi
is the Hopf algebra deformation of the generator Xpi of
the Poincare´ Lie algebra and ∆p is the Lie algebra co-
product: ∆pX = X ⊗ I + I ⊗X . This rule means that
the new coproduct ∆pN becomes the usual coproduct of
Lie algebras for low energy and momentum.
Given such a Hopf algebra deformation, with the ap-
propriate coproduct, we can define the time translation
generator that replaces Eq. (53) and is part of a repre-
sentation of pN :
HpNF =
∞∑
N=0
⊕
∆pN
N
H, (83)
where ∆pNN is defined in Eq.(41) for generic coproduct
rule ∆. In some sense, it implies that particles interact
even in the free theory, that is, they do not evolve in time
in a completely independent way.
That prescription has the disadvantage that we can
only apply it to deform the free fields. Besides that, we
need a full definition of the algebra and Hopf algebra
structure associated to a particular photon phenomeno-
logical dispersion relation, which includes, in particular,
the assurance of the existence of a Hopf algebra associ-
ated to it.
It is however easy to assure the existence of a alge-
bra (without considering its coalgebraic structure, i.e.,
its coproduct, counity and antipode) that satisfies all the
requirements discussed in section (V) and leads to a par-
ticular photon dispersion relation19 . We can use an al-
ternative prescription only based on algebra properties.
This can be applied to interacting field theory as well
as to free fields and assuring that we are constructing a
physics that is based on representations of a group PN
that realizes the same algebra of generators pN . That is,
based on πA representations.
The basic idea is exploring the fact that every relativis-
tic quantum field theory, associated to some Lagrangian
density, has associated with it a representation of the
Poincare´ Lie group in the positive definite Hilbert space
(i.e. such that the norm of states is positive). This rep-
resentation enters in the relativistic covariance law of the
fields:
Aij [(Λ, a)]φi(Λx+ a) = U [(Λ, a)]φj(x)U
−1[(Λ, a)] (85)
where Aij [(Λ, a)] is a finite dimensional representation
of the Poincare´ Lie group. It happens that (85) may
not be satisfied in the positive definite Hilbert space, as
in the case of electrodynamics, but we can restrict the
action of U [(Λ, a)] to the equivalence class of physical
states (something similar to what we have done in the
GNS construction to construc equivalence classes that
describe the same state).
This representation can be recovered from the Wight-
man functions by the so called Wightman reconstruction
theorem, that is an application of the GNS construc-
tion. Alternatively, we can obtain it by other classes
[19] In fact, consider Xi the infinitesimal generators of the scalar
representation of the homogeneous Lorentz group in momentum
space:
φ(xµ)→ φ(Λxµ) (84)
They are contravariant vectors, or first order differential opera-
tors. Consider the diffeomorphism Φ : (E, p) → (E¯, p¯) given by
E¯ = E ; p¯ = p/f(E), the f(E) given in (27). Define the new al-
gebra as multiplication operators E, p and X¯i = Φ∗Xi, the push-
foward operator Φ∗Xi⊲f = Xi⊲f ◦Φ. This new algebra satisfy
[E¯, p¯] = 0; [X¯i, X¯j ] = CkijX¯k, C
k
ij the same structure constants
of the original Lorentz group, but [X¯i, E] = (X¯i ⊲E) = F (E, p)
and [X¯i, p] = (X¯i ⊲ p) = G(E, p); As required [C(E,p), E] =
[C(E, p), p] = [C(E, p), X¯i] = 0, where C(E, p) = f2(E)p2 −E2.
All the conditions of the section (V) are satisfied
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of functions like the time-ordered Green’s functions or
the Schwinger functions (see some original papers on this
subject [36], [37] and [38]). In the case of free fields, we
already have that representation, it is simply (15) for a
suitable choice of irreducible representation of Poincare´
group.
We then put the associated representation in the direct
integral form:
UP = U0 ⊕
∫ ⊕
dµ(λ, σ)UPλ,σ , (86)
that is defined in:
HP = cΨ0 ⊕
∫ ⊕
dµ(λ, σ)HPλ,σ , (87)
where U0 is the trivial vacuum representation, that leaves
the vacuum subspace cΨ0 invariant, while λ denotes the
eigenvalues of those Casimir elements predicted by the
Poincare´ Lie algebra (8) and σ denotes the Casimir ein-
genvalues related to degenerance. That is, the irreducible
representation UPλ,σ is the same for all σ and we have a σ
value for each time that the same representation appears
in the decomposition.
We then postulate:
Prescription 2 (πA). Be pN an algebra (or Hopf al-
gebra) with generators Xi and PN the group generated
by one parameter subgroups of the form e−iXiti , ti ∈ R.
Be πλ′ : pN → O(D) the irreducible representation of
pN in Hilbert space (obtained by GNS construction with
states in pN or p
∗
N ) associated to algebraic Casimir ein-
genvalues λ′ = (λ1, λi, · · · ). Be U
PN
λ′ the representation
of PN generated by e
−iπλ′ (Xi)ti . The representation of
PN that deforms a relativistic quantum field theory is
obtained by the associated Poincare´ Lie group represen-
tation (restricted to positive definite Hilbert space of phys-
ical states) put in the direct integral form:
UP = U0 ⊕
∫ ⊕
dµ(λ, σ)UPλ,σ , (88)
by the replacement:
UPλ → U
PN
λ′ , (89)
for the set of Casimir eigenvalues λ′ satisfying the con-
dition:
(
u(Ψλpµmax), e
−iπλ′ [X
pN
i ]tiu(Φλpµmax)
)
→
(
Ψλpµmax , e
−iπλ[X
p
i ]tiΦλpµmax
)
. (90)
when (Emax, p
j
max)→ (m, 0) for normalized states Ψ
λ
p
µ
max
and Φλ
p
µ
max
written in the form (58).
Here, u : H1 → H2 defines an unitary transform con-
necting the Hilbert spaces where the representations of
the Poncare´ group and PN are defined. As before, X
pN
is the corresponding operator in pN to the Poincare´ Lie
algebra element Xp. m is the relativistic energy at zero
momentum that, by hypothesis, is the same for the cor-
responding PN representation.
This prescription defines the new time translation gen-
erator in the direct integral form:
HpN = 0⊕
∫ ⊕
dµ(λ, σ)HpNλ′ ,σ, (91)
where HpNλ′,σ is the Hamiltonian of the irreducible repre-
sentation of pN associated to the set of eigenvalues λ
′
( that is diagonal in the energy-momentum representa-
tion and related to the momentum by C(HpNλ,σ, P ) = λ1).
That is, not only the photon dispersion relation enters
in the Hamiltonian of the theory but the dispersion rela-
tions of all of the species of particles.
The condition (90) is actually stronger than (59) and
allows us to assure the convergence of the PN repre-
sentation to the original relativistic representation in
the weak sense (i.e., in the sense of matrix elements:(
u(Ψ),UNPu(Φ)
)
→
(
Ψ,UPΦ
)
, where u is a unitary map
that connects the Hilbert spaces where the Poincare´ rep-
resentation is defined to the one where the PN represen-
tation is defined) if all intermediate states of direct in-
tegral decomposition converge as (58). This corresponds
to states of sufficiently low energy and momentum 20 .
VIII. CONCLUSION
In a previous paper [18], we showed that the funda-
mental equations of non-commutative inflation, first ob-
tained in [22] and applied in a model of inflation in [1],
can actually be related to a representation of some group
that deforms Poincare´ Lie group, a group that can be
constructed by starting from a Hopf algebra (allowing a
possible connection with the original motivation of non-
commutative spaces, along the lines of [16]). We showed
that the condition of minimum duration of inflation is
actually related to a limitation of the momentum of an
individual photon. In the current paper, we showed that
a group that replaces Poincare´ must satisty some impor-
tant physical constraints already satisfied by the Poincare´
Lie group. These constraints do not depend on cosmolog-
ical requirements and affect not only the group’s abstract
algebraic properties, but the representations themselves.
[20] Lebesgue’s theorem says that if gN (x) → g(x) for all x and
|gN (x)| ≤ f(x) for some integrable f(x), then g(x) is Lebesgue
integrable and
∫
gN (x) →
∫
g(x). Since we know that, for the
original QFT, there exists Hilbert space vectors Ψσ,λ in each
Hλ,σ such that the inner product integral converges, and the
unitary transformation satisfies
∣∣∣
(
u(Ψλ,σ),U
NP
λ′,σ′
u(Φλ,σ)
)∣∣∣ ≤
||Ψλ,σ|| · ||Φλ,σ|| ≤ ||Φλ,σ||
2 + ||Ψλ,σ||
2 which is a measurable
function with finite integral, we have the fulfillment of conditions
of the Lebesgue theorem.
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Considering these constraints, the limitation of the pho-
ton’s momentum, together with the minimal additional
conditions on the deformed mass shell, such as being con-
nected at least for those solutions of positive definite en-
ergy and the same solutions allowing a zero momentum
state, implies that the notion of Fock space is not suitable
and a Hamiltonian like (17) cannot be the starting point
of the fundamental equations of the non-commutative in-
flation.
Everything starts by the fact that we are replacing the
Poincare´ group P by a group PN that has connected one-
parameter subgroups that allow us, by Wigner and Stone
theorems, to define generators of the representations of
these one-parameter subgroups as self-adjoint operators
that we assume that form an algebra pN . A thing
that we usually take for granted is that, not matter what
is the group we are talking about, the generators will
always for an algebra. Nevertheless, that is not mathe-
matically true. However, as we explained in section V,
Physics cannot be formulated without an underlying al-
gebraic structure for symmetry generators. Other thing
we usually take for granted is that if some representation
of a group has a well defined algebraic structure for gen-
erators, all other representations will have too; besides
that, they will have the same one. It is not generally
valid too. All of these are valid for Lie groups and, once
we are no longer dealing with Lie groups, it is no longer
generally valid. Once we leave the domain of Lie groups,
the algebraic structure of the generators is not longer a
concept attached to the group itself but to specific repre-
sentations. We show, however, that if we don’t have the
very same algebra of generators for all symmetry repre-
sentations that we apply in physics, physics will not be
consistent.
Essentially, we show that, although a Fock space rep-
resentation (53) is a valid mathematical representation
for PN , in the sense that it preserves the group structure
given by Eqs.(1)-(3), for the kind of deformed disper-
sion relation that drives inflation with minimum dura-
tion, this representation does not satisfy the same alge-
bra of generators used in the irreducible representations.
As a consequence, non-commutative inflation is not re-
lated to some Lie group, since every representation of a
Lie group induces a representation of the very same Lie
algebra of generators.
As we argue, the use of this Fock like representation
is a problem for a physical theory, since it might imply
that a stable state in a particular reference frame is an
unstable state in another one, or a possible S matrix con-
necting a one particle state with a n-particle state does
not conserve energy in all reference frames. In particular,
we do not have a unique well defined notion of a disper-
sion relation that replaces the usual relativistic one.
It does not mean that we cannot use a group like PN
in physics. It means that we must restrict the class of
representations of PN that is used to construct physics,
something similar to restricting the representations of the
Poincare´ group that appear in QFT to those with positive
definite energy. But now, besides that, we must restrict
the representations of the PN group to those with posi-
tive definite energy and that induces a representation of
the same algebra of generators pN . We here call these
representations πA.
An alternative way to say that (53) is not a suitable
representation of PN is to say that (17) is not a time-
translation generator for pN if H is. Since, in the Hopf
algebra language, (17) is the coproduct rule for Linear Lie
algebras, this suggests to us that non-commutative infla-
tion is actually related to some non-trivial Hopf algebra,
by understanding that a Hopf algebra is an algebra with
a rule to construct tensor products that satisfy the same
algebra.
The Hopf algebra concept is a possible link between the
non-commutative space concept and non-commutative
inflation, since an alternative interpretation for Hopf al-
gebras is that it is a set of transformations that acts
on other algebraic structures in a way dependent on the
product rule. The product rule is the essential informa-
tion of non-commutative spaces (see [20]). We can there-
fore use the coproduct rule of Hopf algebra to define the
suitable non-commutative inflationary Hamiltonian that
defines the canonical partition function that describes the
radiation thermodynamics as in (83). This is our first
possible prescription to define the non-commutative in-
flation. This prescription, however, needs the full knowl-
edge of the Hopf algebraic structure associated to some
phenomenological dispersion relation, a problem by itself,
and can only be applied to free fields.
We can consider an alternative prescription that is
based only on algebraic aspects, that is, it does not de-
pend on the coalgebraic aspects, which means that it
does not depend on the information that differs the Hopf
algebra from a simple algebra, as the coproduct. This
prescription is based on the infinite dimensional general-
ization of the concept of direct sum, the direct integral. It
was originally proposed by us in [18], as an alternative to
cover the interacting case and give a qualitative account
of the behavior of the interacting non-commutative in-
flation. This prescription is essentially an application of
an important Von Neumann theorem about the general
representation of Von Neumann algebras and allows us to
define a new Hamiltonian for non-commutative inflation
that is indeed a time-translation generator of the very
same algebra of generators that defines the dispersion re-
lation Casimir. That is, allow us to deal only with πA
representations. Besides that, it assures to recover the
corresponding Poincare´ representation at low energy and
momentum. The new Hamiltonian (91) is a function not
only of the photon’s dispersion relation but a function of
the dispersion relation of all other particles of the theory.
To obtain the new Hamiltonian for non-commutative
inflation, we need the direct integral decomposition of the
representation (15), that is a solved problem in the litera-
ture since the early days of QFT (for example, [39], [40]).
We will address the problem of obtaining the new equa-
tions of state in a future paper. The main consequence of
16
our results is that all the work previously done on non-
commutative inflation must be redone, that is, finding a
new equation of state, finding inflationary dispersion re-
lations that assure successful inflation, etc. In particular,
using the same class of dispersion relations of the original
equations of the model will imply the limitation of the
momentum of the theory, even the macroscopic one. We
must, however, use the same rule to construct the Hamil-
tonian even if our theory does not have that limitation
of momentum, otherwise we would fall on the very same
problem discussed in this paper.
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